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PEAKEDNESS OF WEIGHTED AVERAGES OF
JOINTLY DISTRIBUTED RANDOM VARIABLES

by

Wai Chan, Dong Ho Park, and Frank Proschan

ABSTRACT

This note extends the Proschan (1965) result on peakedness comparison for convex
combinations of i.i.d. random variables from a PF density. Now the underlying random variables

are jointly distributed from a Schur-concave density. The result permits a more refined description
of convergence in the Law of Large Numbers.
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1. Introduction
Proschan (1965) shows that:

11 Theorem, Let f be PFy, f(1) = f(-t) for all t, X1, ..., X}, independently distributed with density
f, pgp'. P, p” not identical, 21)‘- 1 -gp;. mn%p;xiiSMymmmm%pixr

~ o - 1

(Definitions of majorization (p2p"), PF, density, and peakedness are presented in Section 2.)

The Law of Large Numbers asserts that the average of a random sample converges to the
population mean under certain conditions. Roughly speaking, Theorem 1.1 states that a weighted
average of i.i.d. random variables converges more rapidly in the case in which weights are close
together as compared with the case in which the weights are diverse.

In the present note, we extend the basic univariate result to the multivariate situation in which the
underlying random variables have a joint Schur-concave density. Theorem 2.4 presents the precise
statement of the multivariate extension.

2. Peakedness comparisons

The theory of majorization is exploited in this section to obtain more general versions of the
result of Proschan (1965). We begin with some definitions. The definition of peakedness was
given by Bimbaum (1948).
Definition 2.1, Let X and Y be real valued random variables and a and b real constants. We say
that X is more peaked about a than Y about bif |

P(X-al2)sSP(Y-bi2t)

forallt2 0. In the case a = 0 = b, we simply say that X is more peaked than Y.

Next we define the ardering of majorization among vectors.
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Definition 2.2, Letaj 2... 2 a; and by 2 ... 2 by, be decresing rearrangements
of the components of the vectors a and b. Weuymuamajorlmb(wrima&)if

$a-t

iml il
' and
: 2.,22 b, foork=1,..,n-1
) =1 isl
] Definition 2.3, A real valued function f defined on R is said to be a Schur-concave function if
b f (a) S f (b) whenevera 2 b.
; A nonnegative function f on (-se,e0) is called a Plya frequency function of arder 2 (PF) if
[
' log f is concave. If f is a PF function then ¢(x) = IT £ (x;) is Schur-concave. Thus the random

vector x = (X,....Xy) has a Schur-concave density under the conditions of Theorem 1.1. A

- -

function f defined on R? is said to be sign-invariant if f(x{,....xy) = f (Ixql....1x,). In the

following theorem, we give a peakedness comparison for random variables with a sign-invariant
; Schur-concave density.

Theorem 24. Suppose the random vector X = (Xj,....X,) has a sign invariant Schur-concave
) density. Then forallt20,

V(a8 =P T aiX;S1)

is a Schur-concave function of a = (a,, ..., 8 ), 8, 2 0 for all i. Equivalently, 2 bX, is more

P . R

peaked than T a.X, whenever a2 b.

tq.l - " 4,
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Proof.
Without loss of generality, we may assume that 3, a; = 1. We first consider the case n = 2.

Leta = (8,.0)), b = (bb,), 8 £b. Since X,.X, are exchangesbe, we may farther ssoums that

a1 >by 2 172 2by > ). To show that P(a; X +82X78t) S P(b; X +byX,st) for t 2 0, consider

the following diagram:

DO IO ; \ BNRPpY I
10 e e R T NS A T L G NN W A I N T A W A AT s e ad A0 M N M b




Since a3 > by 2 1/2, both lines intersect the x)-axis in the interval [t,2t] and they intersect the

45 degree line at the point (Lt) (2 +8) = b} +by = 1). We must show that P(E) < P(F). Now
reflect E across the 45 degroe line to form the wedge E*. Then P(E) = P (E*) because the joint
density f is invariant under permutation. Fork 20, the line x; - x5 = k intersects E” at the line
segment joining (t+by k.t -byk) and (t+ay k.t -agk), and it intersects F at the line segment joining

(t+a2k,t -a1k) and (t+bok,t -bjk). Note that both segments are of equal length. But f sign-invarian:

“ and Schur-concave implies that
fit+by k.t -bok) = f (t+b1k , byk -1)

ST (t+bok . bik -t)

= £ (t4bok , t by ).

This last fact then clearly implies that P(E") < P(F) by conditioning on X - X5

The result for n 2 3 now follows since

- PQayX;sy
=EPaX +aX, St- X aX, X, ... X)]

and the conditional density f (x,x3 | X3, ..., X,) is also Schur-concave and sign invariant.

For an example of a Schur-concave density function that is also sign-invariant, consider the
multivariate Cauchy density:
0ty 1) = € N(@IVDI14E ) O
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“The following result is an immediate consequence of Theorem 2.4,
\ Corollary 2.5. Let Xy, ..., Xp, be random variables with joint Schur-concave sign-invariant
density £, Then-é-if,lxiisincreasinginpeakednessaskilmmsﬁunlwn.

. Proof.
" 11 11
y wtl = (1,0, ... 0), 8.-2 = (5. '2-. 0, .., 0), ...,and En = (-r;-, veoy ;), where each vector
::' contains n components. Then a $a 2..%a. The result follows from Theorem 2.4.
) 172 ‘n
,:a
K Suppose X = (X,,...X,) and Y = (Y,,...Y,) are independently distributed with respective
) ~ -~
N
a
3 densities f and g where both f and g are Schur-concave and sign invariant. Then Theorem 2.4
g implies that £ b, (X, +Y,) is more peaked than X 8, (X, + Y,) whenever a2 b. This is true
¥
$ because the convolution of Schur-concave functions is Schur-concave. However, if Yy, ..., Yy
5 are Li.d. Cauchy, then the joint density g given by
B .
8
W @1 EW Y, = (-;) " n (1+ azyiz) -1aso,
a;l :
K
y
& is not Schur-concave. In Theorem 2.6 below, we show that 2, b; (X; + Y;) is more peaked than
: I a, (X, +Y,) whenevera glz. This result identifies a different class of densities for which the
K
Z:'E conclusion of Theorem 2.4 holds.
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Thearem 2.6. Suppose that the random vector X = (X ..., X,) has a sign-invariant Schur-

concave density f. Let Y = Y,, ..., Y, be iid. Cauchy with joint density g as given in (2.1).
LetX and Y bo independent, and a2 b where 8, 20,b 20 for alliand 1 = £ 8= £ b, Then

%b‘mi+YQismwwmm$ai(xi+Yi).

Proof.

Since f 18 sign invariant both £ &, X, and 2 b, X, are symmetric random varisbles. We use the

fuctthat £4, ¥, b, Y, have the seme distribution as does Y. The result now follows

Theorem 2.4 and the Lemma of Birnbaum (1948) by noting that Yy has a symmetric and unimodal

density.
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